Abstract-Precoding, i.e., nonlinear pre-equalization, at the transmitter side has been proved to be a very efficient strategy for channel equalization in single-carrier digital transmission schemes. It enables the application of coded modulation in a seamless fashion. A drawback of precoding is that the signal at the input of the decision device exhibits a huge dynamic range. Based on dynamics shaping, a combined precoding/shaping technique introduced in the paper by Fischer et al. in 1995, a new shaping strategy is developed in this paper. This technique enables a flexible tradeoff among: 1) reduction of the average transmit power; 2) avoidance of peaks in the transmit signal in order to facilitate line driver implementation; and 3) restriction of the maximum amplitude at the receiver side to a prescribed value. Over a wide range, all three demands can be met simultaneously. As the scheme is fully compatible with Tomlinson-Harashima precoding, it can replace the precoder even in existing and standardized schemes. Simulation results for a typical digital subscriber line scenario show the achievable gains.
I. INTRODUCTION
F OR FAST digital transmission over channels which produce severe intersymbol interference (ISI), equalization is of major interest. Precoding at the transmitter side, e.g., Tomlinson-Harashima precoding (THP) [5] , [10] , [16] , has been proved to be a very efficient strategy for single-carrier systems. It enables the application of coded modulation in a seamless fashion and is able to come close to the channel capacity of the underlying channel [13] , [5] .
A drawback of THP is that the signal at the input of the decision device exhibits a huge dynamics range for the severely distorting channels. These dynamics cause very high sensitivity to equalization inaccuracies and symbol clock jitter. In order to overcome these problems, a combined precoding/shaping technique, called dynamics shaping, was proposed in [6] . The main aim of this approach is to limit the maximum amplitude of the signal at the output of the receive filter. In doing so, dynamics shaping is fully compatible with THP.
In this paper, we extend this shaping method in order to additionally reduce the dynamics of the transmit signal. Thereby, implementation of power amplification (line driver) is facilitated as the range of linear operation can be narrowed. This moreover reduces the power loss of the line driver, as it is directly related to the peak-to-average power ratio of the transmitted signal. As an example, we study the application to single-pair digital subscriber lines (SDSLs), a member of the so-called xDSL family, which has been developed and standardized over the last several years. Applying these techniques, the "last mile" from the central office to the customer can be bridged, and new digital services can be provided cost-effectively to a wide range of users.
After introducing the system model of transmission schemes employing precoding in Section II, we briefly review THP. Then we discuss signal properties a precoding/shaping technique should generate. Starting from dynamics shaping as presented in [6] , we present the new approach for additional dynamics reduction at the transmitter in Section III. Simulation results for a typical DSL scenario, which cover the achievable performance, are given in Section IV. Some conclusions are drawn in Section V.
II. BASICS OF TRANSMISSION SYSTEMS EMPLOYING PRECODING
In this section, the fundamentals of the transmission system employing precoding are described, and implementation problems are discussed.
A. Discrete-Time Channel Model
The system model of the transmission scheme is shown in Fig. 1 . Here we mainly deal with baseband transmission, hence all signals are real. The extension to passband transmission is straightforward by using complex signals and systems in the equivalent low-pass domain [14] .
First, the binary data stream is channel encoded and mapped to the PAM symbols ( : discrete-time index). For example, SDSL employs one-dimensional (1-D) trellis-coded modulation, and the data symbols are taken from an -ary PAM signal set , even. The sequence is fed into the Tomlinson-Harashima precoder which generates channel symbols . In order to generate the analog, continuous-time transmit signal , the channel symbols are passed through the transmit filter with transfer function . The symbol interval is denoted by . The transmit signal is fed to the subscriber line which is as usual modeled as a linear, dispersive system with transfer function . Crosstalk of other systems installed in the same binder group is combined into the additive Gaussian 0090-6778/02$17.00 © 2002 IEEE noise signal . Because of phase randomizing, the noise is expected to be stationary with power spectral density . The receiver consists of a whitened-matched filter [7] and subsequent -spaced sampling. In [7] , it is shown that this front-end is optimal for various equalization methods. Regarding the end-to-end transmission including transmit filter, channel, and whitened-matched filter, a -spaced discrete-time model can be established. Assuming proper scaling, the signal transfer function is given by the monic polynomial of some order , and the additive white Gaussian noise (AWGN) has variance . For details see, e.g., [6] and [9] . It is noteworthy that without noticeable loss the overall impulse response can be shortened to a great extent by using an approximate whitened-matched filter [6] . Finally, the channel decoder produces estimates of the data symbols, from which the binary data can be extracted.
B. Tomlinson-Harashima Precoding
The ISI present in the end-to-end cascade may be removed by decision-feedback equalization (DFE). Unfortunately, DFE suffers from error propagation. Furthermore, channel coding cannot be applied in a straightforward manner, since DFE requires zero-delay decisions.
Precoding at the transmitter side is an attractive alternative to DFE that does not suffer from its drawbacks. Therefore, during start-up, the impulse response is communicated to the transmitter. Given knowledge on the channel transfer function, the transmitter can pre-equalize the transmit signal. Since linear pre-equalization boosts transmit power, or does not exist if has spectral zeros, a nonlinear technique employing modulo arithmetics, usually referred to as Tomlinson-Harashima precoding (THP) was introduced in [10] and [16] . Fig. 2 (left) sketches the precoder. Neglecting the nonlinear modulo device, is implemented. However, contrary to linear predistortion, the transmit signal is modulo reduced into the interval . For an -point PAM signal set , the operation of THP can be interpreted as follows [3] , [5] : a unique sequence , , called precoding sequence, is added to the data sequence in order to create the "effective data sequence" (EDS)
, with . This operation effectively extends the initial signal set in a periodic fashion, i.e., all points spaced by apart are equivalent and represent the same information. Then is filtered with . The samples of the precoding sequence are chosen symbol-by-symbol, so that the channel symbols (1) fall into the interval . This selection can be described by a simple memoryless modulo operation. It is well known (e.g., [5] ) that is an independent and identically distributed (i.i.d.) sequence, uniformly distributed over the interval . Since the precoder is matched to the channel impulse response and cancels its postcursors, the receiver output sequence is (2) Hence, corrupted by AWGN is present at the input of the decision device/channel decoder. Applying the same modulo operation into the interval as at the transmitter, the precoding sequence may be eliminated, but equalization (e.g., adaption of the whitened-matched filter) still has to be achieved with respect to prior to the nonlinear device.
C. Problems With Tomlinson-Harashima Precoding 1) Dynamics at the Receiver:
From the above discussion, it follows that the receiver has to work on the dynamic range of the periodically extended signal constellation. For high orders , the pdf of is nearly discrete (sampled) Gaussian, and since is an odd integer, its range can be as large as (3) cf. [6] , where denotes rounding to the next smaller integer. Only for (no ISI) does the minimum occur. For severe ISI-producing channels as in xDSL, the dynamic range of becomes very large ( ). This in turn rather complicates implementation. In particular, the demands on the accuracy of equalization and symbol timing become extremely high. Even very small residual pre-and postcursors of pulses weighted by very large samples of the effective data sequence cause intolerable ISI. Jitter of the symbol timing, which may be still tolerable in DFE, has to be avoided because of the much smaller horizontal opening of the eye pattern in precoded transmission schemes.
Hence, a first desirable characteristic for DSL transmission is to perform precoding with a smaller and well-prescribed dynamics range for the effective data symbols.
2) Peak-to-Average Power Ratio at the Transmitter: In order to obtain the actual transmit signal, the channel symbols are passed through the transmit filter . Due to the dispersive character of this filter, the uniform distribution of is smeared and the average 1 pdf of is broadened. As the time duration of the transmit pulse gets longer-which is the case as the band edges imposed by the transmit filter get steeper-the pdf tends toward a Gaussian distribution. Therefore, large peaks may occur in the transmit signal , and hence its peak-to-average power ratio (PAR) is increased compared to that of . The line driver which amplifies the analog transmit signal has to cope with the full dynamics range of and work linearly over the entire region. Hence, implementation becomes more difficult and the power loss at the driver tends to be significant. Power consumption is a major concern especially if the transceiver at the customer or repeaters are supplied remotely with power (over the same twisted pair lines that carry the data signal). Therefore, the loss at the drivers-which is directly related to PAR-has to be as low as possible.
Hence, a second desire for DSL transmission is to create an analog transmit signal with a PAR as low as possible.
3) Average Transmit Power: Finally, in DSL applications, near-end crosstalk of other high-rate systems is the main source of disturbance. Within a binder group, many systems may be installed and thus operate on lines in close proximity. Here, the transmitted signal power of one user directly translates to noise in the other systems.
Hence, a third desirable characteristic for DSL transmission is to transmit with the lowest possible average power without sacrificing performance in the regarded system. The three desirable characteristics outlined above form a three-way tradeoff situation. Indeed, decreasing the dynamic range at the receiver increases PAR at the transmitter, as do shaping techniques for reducing the average transmit power. The system designer's job in this context is to find the best possible equilibrium point between dynamics at the receiver, PAR, and average power at the transmitter.
III. SHAPING FOR PAR REDUCTION
Generally speaking, the objective of signal shaping is to create a signal which exhibits some desired properties. A number of signal shaping techniques for reducing the average transmit power (i.e., power shaping) are described in the literature.
We now propose a transmitter which, while retaining full compatibility with THP, also provides enough flexibility to select a tradeoff point over a wide range of the three aforementioned characteristics. First, dynamics shaping [6] is briefly reviewed, and then appropriate modifications are discussed.
A. Dynamics Shaping
On ISI channels, combined precoding and shaping can be done by selecting the effective data sequence , or equivalently the precoding sequence (cf. Fig. 2 ) suitably. Based on the desired shaping aim, an algorithm has to determine ("decode") the best sequence in the long run. Since we aim to reduce the dynamics at the receiver side, only those values will be considered, for which holds. Here, is the dynamics limit stipulated by the designer.
For power shaping, it is shown in [3] and [8] that it is sufficient to double the support of the signal constellation-the decoder has to decide only between two candidate signal points. Following this idea, we divide the expanded signal set into two subsets ( ) with
The decoder makes a binary decision on the subset. Then the point from is chosen which results in the channel symbol with the least magnitude. This two-stage selection can be characterized as follows: Given the binary decision of the decoder, the signal is generated. Then, is fed to the precoder, where compared to THP the modulo device is replaced by a memoryless, nonlinear function (cf. Fig. 3 ). Mathematically this function is defined as (5) Finally, in order to replace sequential decoding, we imagine that the binary sequence is the output of a scrambler (rate-1 linear, dispersive system over the Galois field ). This scrambler defines a trellis, whose branches are labeled with scrambler output bits . This trellis is searched for the "best" sequence using a Viterbi algorithm. Therefore, the influence of the predistortion filter has to be taken into account in the calculation of the channel symbols. This is, e.g., done by means of parallel decision-feedback (PDF) [4] , [3] , i.e., each path through the trellis has its own predistortion filter. For power shaping, the branch metric (6) i.e., the instantaneous power of the corresponding channel symbols , is used. It is noteworthy that continuous-path integrity is essential in order to guarantee the desired dynamics reduction.
One of the main advantages of this shaping technique is the compatibility with THP. Since it is also based on the concept of modulo-equivalence, a simple modulo device at the receiver is sufficient to eliminate the precoding sequence. Moreover, the shaping operation at the transmitter neither influences noise power nor spacing of the signal points seen at the decision device. Hence, regardless of the actual choice of the branch metric, a shaping gain (reduction of average transmit power) directly translates into a gain in error rate relative to THP.
B. Reducing the PAR
In addition to the signals shaped by dynamics shaping, we now want to reduce the peaks in the continuous-time transmit signal as well. Therefore, for each path at the shaping decoder, its associated signal is calculated. In practice, a sampled version with samples per modulation interval is sufficient, which can be efficiently calculated by a poly-phase filter. From these samples , , an appropriate metric increment has to be calculated. Fig. 3 sketches the block diagram of dynamics shaping and its modification for peak-power control. It is noteworthy that the unavoidable decoding delay is not shown.
The remaining task is to select a suited branch metric for peak reduction. Possible approaches are discussed below.
1) Maximum Amplitude: An obvious strategy is to look only at the maximum values of the transmit signal by choosing (7) Unfortunately, using this approach, the average power will increase significantly, since transmit power is ignored. Consequently, the metric has to incorporate some power term.
2) Clipping:
In [15] , it was proposed to use power metrics combined with clipping of paths which exceed a given threshold . Adopting this approach, metrics can be written as with . (8) A disadvantage is that the clipping level has to be selected very carefully. For high clipping levels, signal peaks above the chosen level will be eliminated. But if the threshold is chosen too low, the algorithm may run into dead ends and produce signals inconsistent with the shaping aim.
3) Soft Clipping: Instead of setting the metric to infinity if the threshold is exceeded, a course which punishes large signal values harder than the quadratic function is suitable. For example, functions , , are possible. Thereby, a proper operation of the shaping algorithm can always be guaranteed. However, for best performance threshold and exponent still have to be optimized jointly.
4) th-Power Metric:
A very promising approach is to simply replace the instantaneous power metric by the th power, ,
This has the advantage that only the exponent has to be optimized. For increasing , large signal peaks are punished ever harder, whereas the contribution of signals with small amplitudes to the accumulated metric tends to zero. Setting , pure power shaping is active.
Using this metric, the th absolute moment of is minimized. Straightforward optimization using the Lagrange method shows that the optimum distribution under the constraint of a fixed (differential) entropy (i.e., it has to support a fixed data rate) has the form , where , are positive real constants. This distribution shows the desired effect that it decreases faster for increasing . As goes to infinity, the distribution converges to a uniform one.
Because of its simplicity, subsequent sections focus on the th-power metric for PAR reduction.
IV. NUMERICAL RESULTS
We now assess the proposed shaping scheme and present numerical results. 
A. Simulation Parameters
For the generation of numerical results, a typical scenario of single-pair DSLs within European networks is considered. We assume transmission of 2.31 Mb/s in the upstream direction over a wire pair with field length 3.0 km. The transfer characteristics of the loop model with 0.4-mm diameter is chosen from [11, Appendix II] (ETSI ETR152 loop2). As the additive disturbance, alien noise model B of [11, Appendix B.3] (cf. also the technology mix of model B in [2] ) is assumed, which reflects a medium penetration scenario.
For SDSL, a -ary PAM signal set is used where each symbol carries 3 bits of useful information while the 4th bit is redundancy introduced by trellis-coded modulation. Pulse shaping is done according to [12] , i.e., a rectangular pulse equal to the symbol duration 3/(2.31 Mb/s) 1.3 s is filtered with a seventh-order Butterworth filter with a 3-dB cut-off frequency at half the symbol rate of kHz. The theoretical transmit power is fixed at 15.25 dBm. For metric generation, samples per symbol interval of the transmit signal are calculated.
From the above parameters, the discrete-time channel model can be calculated. As does not vary significantly with small parameter changes the results are valid for a broad spectrum of scenarios.
In each case, a Viterbi algorithm with 16 states based on the trellis defined by the scrambler with generator polynomial is employed for shaping purposes. The path register length equals 64 symbols. It is noteworthy that the pulseshaping filter must be minimum phase. Otherwise, the impact of the current selection is needlessly delayed, which can only be combatted by increasing the number of states.
B. Results
The performance of the shaping technique is assessed by observing the clipping probability. First, we neglect the dynamics restriction at the receiver side, i.e., is chosen. In Fig. 4 , the complementary cumulative density function (cdf) of when using the th-power metric is plotted for shaping on the continuous-time transmit signal s(t) using 16th-power metrics. Dynamics restriction at the receiver are (top to bottom): V = 3M , 5M , 7M , and 1.
different values of . From the diagram, the probability of exceeding a certain threshold can be extracted. For convenience, the instantaneous signal power is normalized to the average transmit power in a THP system (dashed line), which constitutes the base line performance. Thus, holds.
For , pure power shaping is active. Since the distribution of tends to be Gaussian, the average power is reduced by about 0.6 dB (shaping gain), but the peak value is increased significantly. By going to larger , the peaks are eliminated at the cost of average power, and for given clipping probability, e.g., 10 , a gain up to 1.5 dB in clipping level can be achieved. In practice, clipping probabilities lower than should be tolerable; due to channel coding, no errors will occur.
The qualitative message of the above results is almost independent of the present channel environment, such as cable length or noise scenario. The actual discrete-time model has only a minor impact on the performance of shaping (except pathological cases, e.g., all coefficients are integers), which is also well known for THP. Since shaping directly controls the transmit signal , even the choice of the transmit filter is not critical. Hence, the adjustment of the exponent can be done for a broad scenario of applications and is primarily dependent on the tolerable clipping probability.
Subsequently we focus on , which seems to be a good tradeoff between complexity [four successive multiplications are required, since holds] and peak reduction.
Next, we consider an additional restriction on the dynamics at the receiver side. Note that for THP the maximum possible amplitude calculates to about ; in simulations, values as large as have been observed. Note that these results depend on the actual discrete-time model and hence on the present channel environment. namics shaping based solely on the energy of the discrete-time channel symbols (as originally proposed in [6] ). Restricting the dynamics at the receiver side clearly leads to an increase of the peak power at the transmitter. This effect is increased as the dynamics restriction is tightened. If shaping is done based on the signal prior to pulse shaping, the distribution of is worse than that for THP. But, if the metric is calculated based on , a gain in peak power at the transmitter is possible, even for a restriction to at the receiver. Moreover, in this case, the average transmit power is decreased by 0.25 dB compared to THP.
A summary of the shaping gain versus clipping level gain performance is given in Fig. 6 . The curves are parameterized by the dynamics restriction and are normalized to the performance of THP ( ), which corresponds to the origin (square). The axis shows the gain in clipping level, when the clipping probability at the transmitter is fixed to be 10 , and the axis gives the respective reduction in average transmit power. Restricting as low as in the proposed signal shaping method causes almost no loss. Both shaping gain and gain in dynamics reduction are possible simultaneously with the newly proposed algorithm. Specifically, a 0.25-dB shaping gain and a 0.4-dB clipping level gain are achievable with . Only when the maximum amplitude at the receiver is limited below do the signal power and the clipping level increase. For dynamics shaping as described in [6] , higher shaping gains are possible but at the price of increased dynamics at the transmitter. It can be concluded that the new algorithm can address the three aformentioned characteristics simultaneously while providing a high degree of flexibility in the choice of the tradeoff point.
Finally, in Fig. 7 , the influence of shaping on the power spectral density is depicted. When comparing these spectra with that of THP, a slight accentuation is visible around the Nyquist frequency. Since the spectral masks are not exhausted in this region when using THP, no violation of spectral regulations should occur. To conclude this section, we note that the same investigations have also been performed for the OPTIS power spectrum defined for HDSL2 [1] and in [11, Appendix A] . Compared to the PSD used above, it has a much steeper roll-off region. This implies that, even for THP, an almost Gaussian distributed transmit signal is obtained. In this case, even pure power shaping is rewarding since reducing average power of a Gaussian distribution also reduces the clipping probability. It can be observed that the proposed shaping algorithm can achieve even better results for transmit spectra with sharper band edges.
V. CONCLUSION
This paper proposes a combined precoding/shaping technique which is intended for fast digital transmission over twisted pair lines. The shaping algorithm aims to: 1) reduce average transmit power; 2) avoid peaks in the transmit signal; and 3) restrict the maximum amplitude at the receiver side to a well-prescribed value. Over a wide range, all three goals can be addressed simultaneously. Simulation results for a typical SDSL scenario illustrate the achievable gains with the proposed scheme. In particular, the generally accepted assumption that reducing the average transmit power and the maximum amplitude at the receiver always increases the dynamics at the transmitter is invalidated.
Implementation can be carried out efficiently based on the Viterbi algorithm with only a moderate number of states. Although the concepts were outlined assuming baseband transmission, they are readily extendable to complex signals and systems (and hence, to passband transmission). The proposed transmitter structure is fully compatible with THP, which permits a seamless application to all systems where precoding is used or standardized.
